JRAHS Term 1 HSC Extension 1 - 2010

Question1 (9 Marks)

3

€)) Expresslog( y j interms of pand q, ifp=logx andg=logy.
xv/x

dx
X ++/x

(b) Find J' using the substitution = Jx.

(c) () Differentiate xe™.

. 1
(i)  Hence, or otherwise, evaluafg xe™ dx.

Question 2 (9 Marks) START A NEW PAGE

2

d-y

(@) Find the values df, if y =coskx is a solution of the equatiog—2 +4y=0.
X

(b)  Find acute values foo so that the infinite series
4 4sin2 + 16sid 2r - 64sin’2a +...

. N 1
will have a limiting sum equal t%.

2Xx+3 .
' Express——— in the form A+
© () Express"—— >

(i)  Find the area bounded by the curye 2X++23
X

Express your answer in the forfh+ Q  Imthere P and Gre rational numbers.

Question 3 (9 Marks) START A NEW PAGE

@@ If f'(x)= &eé3x, find f(x) given thatf(gj:%

(b) Solve 21 =3 giving your answer correct to 2 decimal places.

(© Prove by the Principle of Mathematical Induction that
2x 11+ 5x 21+10x31 + .. + (n? +1)nt = n(n+1)! for n= 12,3, ...
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where A and B are rational numbers.

and the co-ordinate axes.
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Marks
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Question4 (9 Marks) START A NEW PAGE Marks
(@  Find the equation of the tangent to the cupve x* In x at the point wherex = €. 3

(b)  Aradio news item stated that “the incidence of hip fractures in older adults has fallen by 3
20% over the last 10 years”. Assuming that the rate of decline was compounded annually,
how many moregears will be required for the incidence of hip fractures to reduce to 50% if
the above rate of decline remains unchanged? Give your answer correct to the nearest year.

(©) A sphere is contracting so that its volume is decreasing at a constant ratewof 20 . sec 3
Find the rate of change of the surface area when the radius of the sphere.is 5 mm

Question 5 (9 Marks) START A NEW PAGE Marks

(@) Sam buys a car valued at $6000 and agrees to pay an initial deposit of 20% and the
remaining balance in several equal repayments over 5 years. In his loan agreement Sam is to
make equal repayments at the end of each quarter (i.e. at the end of every 3 months). The
interest, which is at a rate of 6% pa, is to be compounded on the outstanding balance of the
loan at the end of each month and is added to the outstanding balance prior to any

repayments.

M Find the amount owed before to the first repayment is due. 1
(i)  Find the value of each repayment. 3
(i) Find the total amount that Sam pays for the car. 1

k=2n

(b)  Given thatA, = z g-2n
k=0

()  EvaluateA and A,. 2
(i) Find a simplified formula forA, that does not involve sigma notation. 2
Question 6 (9 Marks) START A NEW PAGE Marks
(@) () Differentiate Ifsecx + tan2x). 1
y : z 2
(i)  Hence, or otherwise, evaluatfeo6 se@x dx.
(k) (O Find thex-coordinate of the point of intersection of the curyes Xosx and 2
y = 8tanx for 0< xsg.
(i)  Find the volume of the solid formed when the area bounded by the cprvé&sosx 4

y = 8tanx and the »axis for0 < xsg Is rotated one revolution about tkaxis.

Give your answer correct to 1 decimal place.
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Question 7 (9 Marks) START A NEW PAGE

APQR has a perimeter of 4 metres. P
Let PQ = PR = xmetresand JPQR = [PRQ =4.
(see diagram)

(i)
(ii)

(iii)

(iv)

X metres X Metres

Show thatQR = 2 cos6.
Show that the aread m?, of APQRIis given by:

2sin26
(1+ cosa)’

Show that% = oo + 00355) :
d (1+ cosb)

Hence find the value of so that the triangle has its greatest area.

THIS IS THE END OF THE EXAMINATION PAPER
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JRAHS Term 1 HSC Extension 1 — 2010 - SOLUTIONS

uestion1 (9 Marks) Marks

y3
(@) Expresslog(

j interms of pand q, ifp=logx andqg=1logy. 2
xv/x

Solution:

Y )
lo = 3logy — 11 log x
g(x /—XJ gy - L;lo9
=3-1;p

(b) Find j using the substitution = Jx.

x+\/_

Solution:

2\/; dx
R fx+f'zf

_J-u +u’
2

u+l’
=2In(u+1)+c

= 2In(\/§ +1)+c

© () Differentiate xe**. 1

Solution:
=+ xe) = @le )+ (oae)

= e + 4xe™
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. 1
(i)  Hence, or otherwise, evaluafg) xe™ dx.

Solution:
d (xe“x) = e + 4xe™
dx

4xe4x - % (Xe4x ) _ e4><

r 1

:1 Xe4x le4xj|

4> a4 |,
=1 e“—ie“j—(o—leoj
4 4 4
=1 §e4j_[_1j

4\ 4 4

1
=—(3x*+1

sl )
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Question 2 (9 Marks) START A NEW PAGE Marks

2

dy

(@ Find the values df, if y =coskx is a solution of the equatiogx—2 +4y=0. 2
Solution:
dy = -k sinkx
dx
2
d 2/ = —k?* coskx
dx
dzy _ 2 _
Ve +4y=0= -k” co&x+ 4coskx=0
(— k? + A)coskx =0
k*=4
k=+2
(b)  Find acute values foor so that the infinite series 3

4 4sin2 + 16sid 2r — 64sin® 2a +...

will have a limiting sum equal t%.

Solution:
a=1r=-4sin2a
S:i

1-r
i1
3 1+ 4sin2a
I+ 4sin2a =3

4sin2g =2
sin2a =1
2

T b
20 =—or —
6 6

whereA andB are rational numbers.

2X+3 .
C [ Express——— in the form A+
(© @) Express” — o

Solution:
2Xx+3  X+4-1

X+2  x+2
_ 2(x+2)—1
X+2
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(i)  Find the area bounded by the curye s +23 and the co-ordinate axes.
X

Express your answer in the forfh+ QIn2 whereP andQ are rational numbers.

Solution:

A=jO 2- 1 ok
-15 X+ 2

=[2x-In(x+2)]°,, / g
_ 2x+3

=(0- |n2)—(—3—|n(%D T 15

. —
=-In2+3+ In(—j
2
=-In2+3-In2 -1.5
= 3-2In2 / X

area= (3- 2In2) u?
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Question 3 (9 Marks)

(@ If f'(x)= &eé3x, find f(x) given thatf(lz?j: 3

(b)

(©)

Solution:
f'(x)= 4ed3x

f(x)=

tan3x +c

Wl

Solve 2! =3 giving your answer correct to 2 decimal places.

Solution:
2X+1 — 3X—l

Iodz“l) = Iog(3x‘1)

START A NEW PAGE

(x+ 3 log2=(x- 3 log3
x log2+ log2= x log3-1log3
X log3- x log2= log3+ log2

x(logl5) = log6
= log6

logl5
x= 4474 to2d.p)

Prove by the Principle of Mathematical Induction that
2x 11+ 5x 21+10x3! + ... + (n? +1)nl =n(n +1)! for n= 12,3, ...

Solution:
whenn=1

LHS =2x1
=2
RHS = 1(1+1)
=2
O LHS=RHS
O trueforn=1
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Assumérueforn=k (kOZ")
ie. 2x11+ 5x 21+10x31 + .. + (K +1)k! = k(k +1)!

Provetrueforn=k +1
ie. 2x11+ 5x 214+10x31 + .. + k? + )k !+[(k+ 1 +J](k +1)1= (k +2)(k +2)!

NOWLHS= 2x 11+ 5x 21+10x31 + .. + (k2 + Ik 1+|(k + 27 +1|(k +1)!
=k k+])‘*[k+ )+ ]](k+l)! (by assumptioh
=(k+2) {k+k2+2k+2}
( k2+3k+2}
=(k+ )&+Q&+2)
= (k+1)(k +2)!
= RHS

——

[0 trueby thdrincipleof Mathematicallnduction
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Question4 (9 Marks) START A NEW PAGE

(@)

(b)

Find the equation of the tangent to the cugve x* In x at the point wherex = €.

Solution:

y =x°Inx

Y~ (ox)n )+ )@
=2xInx+x

whenx = e,% =2elne+e

X
=3e
whenx=g y=¢€lIne
:ez

tangents: y-e* =3e(x—e)
y = 3ex — 2€°

Marks

A radio news item stated that “the incidence of hip fractures in older adults has fallen by 3
20% over the last 10 years”. Assuming that the rate of decline was compounded annually,
how many moreyears will be required for the incidence of hip fractures to reduce to 50% if
the above rate of decline remains unchanged? Give your answer correct to the nearest year.

Solution:
A=P@-r)
whenA = 0.8P
08P =P(L-r)*
(1-r)°=08
1-r =08
r=1-¥08

whenA = 0.5P
05P=P(1-r)" where =1-J038
(1-r)" =05
n In1-r) = In(05)
qo_ In0s)
{1 (1-vos))
_ In(05)
B In(%)
= 3106 (to2d.p.)
extratime Zyea(rst@earesyear)
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(©) A sphere is contracting so that its volume is decreasing at a constant ratewof 20 . sec 3
Find the rate of change of the surface area when the radius of the sphere.is 5 mm

Solution:

dA_dA dR

dd dR dt
_dA_dR_dadVv . dd _drR_dVv
=—X—X— Since—=—XxX—
dR dv dt dt dv dt

V=ﬂn‘?3
3

d_V=4;R2

drR

A= 47R?

A R

dR

d_A\:d_Axﬁxd_V
d¢ drR dv dt

= (R (- 20

__40

" R
WhenR=5
dA_ _40
d 5

=-8

Change is- ®m* /ec
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Question 5 (9 Marks) START A NEW PAGE Marks

(@  Sam buys a car valued at $6000 and agrees to pay an initial deposit of 20% and the
remaining balance in several equal repayments over 5 years. In his loan agreement Sam is to
make equal repayments at the end of each quarter (i.e. at the end of every 3 months). The
interest, which is at a rate of 6% pa, is to be compounded on the outstanding balance of the
loan at the end of each month and is added to the outstanding balance prior to any

repayments.

0] Find the amount owed before to the first repayment is due. 1
Solution:
Amount owingafter deposit $000x 08

= $1800
Amount toepafted stinterest $4800¢1.005

=  $187236( tmearesteni)

(i)  Find the value of each repayment. 3

Solution:
Let $A, be the amount owing after thBrepayment andRsbe the value of a
repayment.

A = 4800x 1005 - P
A, = A x 1005 - P

= (4800x 1005 - P)x 1005’ - P
4808 1008 - 1005°P - P
4808 1005 - (1005 +1)p

Ao = 4880 1085-( 1005+ 1008 + .+ 1005 +1)P

When loan repaidh,, = 0O
0 4800 1085 1005+ 1008 + .++ 1005 +1)P=0
( 1005 1085+ ++ 1005+ )P = 4800 10057

20
1005)" -1 P = 4806 1005
1005 -1
4800¢ 1005
1005° -1
1005 -1
= 27979 (to2d.p)

P=

Repayment value = $279.27 (to nearest cent)
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(i)  Find the total amount that Sam pays for the car.

Solution:
Totalpar %008 0.2+ 27979x% 20

= $79580

k=2n
(b) Given thatA, = z sx-2n

k=0

()  EvaluateA and A,.

Solution:
k=2

IA& = Z 53k—2
k=0

= 52 + 5—1 +54
= 63004

P
IN

53k—4

A,

=
o

5%+5'+5 +5 +5°
393772016

(i) Find a simplified formula forA, that does not involve sigma notation.

Solution:
A=5"+52+5201 450 (1)
r =5°
BA = 574+ 24 g2y 15045 (2)
(2)- @
12@\1 - 53+4n _5—2n
B 54n+3_5—2n
ATy
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Question 6

(@)

(b)

(i)

(ii)

(9 Marks) START A NEW PAGE

Differentiate 1sec + tan2x).

Solution:
i{ |(‘IS€(2(+ tan2x)} — Xec tanX + Xed 2x
dx secX + tan2x
Zex tanX + se@x)
secX + tan2x
= 2se(2x

m
Hence, or otherwise, evaluatﬁo6 se@2x dx.

Solution:

_1d
se@x = dx{ lpsecx + tan2x)}

z 1.2 d
j & se@xdx = chf &{ lfsecx + tan2x)bdx

= %[ lpsecx + tan2x)| &

- %{( |y{sec§ + tangj - lfsed+ tano)j}
= {2+ v3)- (e}
=% In(2+ \/5)

Find thex-coordinate of the point of intersection of the curyes Zosx and
y = 8tanx for 0< xsg.

Solution:
8tar x =3cosx

8sink = o< X

8sinx = C{l— sin’ x)
3sirf x+ 8sinx—-3=0
( 3simx— I(sinx+3)=0

sinx :% (sinx # —3)

X= sin‘l[:—lgj (x isacutd
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(i)  Find the volume of the solid formed when the area bounded by the cyrvésosx
y = 8tanx and thex-axis for0 < xsg Is rotated one revolution about tkkaxis.

Give your answer correct to 1 decimal place.

Solution:
V= HI: ( 8tanx)’ dx + HI: ( cosx)® dx

wherer = sin‘l(%j

f(x) = 8ltar(x
V= 6477] : tan® x dx + QTLZ cos X dx o) = 3504
= 647] : (seé X - 1) dx + 9ﬂj§ BCTOSZX dx 1(§ ) g\

= 64rftanx - x| +97”[x+%sin2x} i

= 647(tana - a) - (O} + 4.577{[% - %sin nj - [a - % sinZaJ}

= 64rtana —a} + 4.577{7—27 -a +%sin2a}
=15.7172.....

Volume= 157u° (told.p)
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Question 7 (9 Marks) START A NEW PAGE

APQR has a perimeter of 4 metres.
Let PQ = PR = xmetresand JPQR = [PRQ =4.
(see diagram)

()

(ii)

Show thatQR = Zcosé .

Solution:

Altitude of isosceles triangle is bisector of base

1=cos€
X

y = xcosé
QR =2y
= 2Xco<l

* could also use cosine rule

QR?=x?+x? - X x codr— 26)
= X*+ X° cos26

2°( B 2os26)

2( 2c0¢ 6)
= &°cos 6

QR= Xcos# (QR> Oxacutd

Show that the aread m?, of APQRIis given by:

2sin26

A=r—m——.
(1+ cos8)?

Solution:
Area = % PQOR.sIng
1 .
= Ex X co¥l.sind

-1 x? sin26@
2

But perimeter is 4 m
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0 X+ Xcosf=4
x( 1+ cosd) =

2

" 1+co<d
A:E.( 2 jz sin28

2 \ 1+ cosf
2sin26

~ (1+ cost)’

_ fbcosd +cosb)

i)  Show that
() 6~ (1+ coss)’

Solution:
A=2 sin2d
(1+ cosd)?

dA 2{ +1 c6¥( ok)- @ cod)(- sinH)sinZH}

do (1+ cosg)’
_5 (4 cad) 200529)+ 2sindsin26
(1+ cosh)’
) cof+ co@ cosd + sindsin20
(1+ cosd)®
4 cosZ9+ 005{29 6)
(1+ cosd)’
_ .| cosd +cosf
=4
(1+ cosd)

(iv) Hence find the value of so that the triangle has its greatest area.

Solution:

For stat. ptd—A =0
dé

cos¥ +cosf | _
=0
(1+ cosh)
cosy +cosd =0

20080 - 1+ cosd =0
( 2c08- Yco¥+1)=0

cosd =1 or-1
2
buf isaacute

D0:60°or7—T
3

Test nature of stationary point
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6 59 60° 61°
dA
do = 0.0524 0 = -0.0551
+ 0 -

Gradient changes sign (+ 0 -) therefore stat. pt. is a local max. tp.

Since function is continuous fdd< 8 <90° and there is only one stat. pt. then the local
max. is the absolute max.

0 maximum area occurs wheh= 60 (or I—Tj.

THIS IS THE END OF THE EXAMINATION PAPER
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